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ABSTRACT 
The rheological properties of brushes of different length on the surface of human epithelial 
cancerous cells are studied here by means of coarse – grained numerical simulations, where 
the surface of the cell is subjected to an external oscillatory force acting on the plane of the 
cell’s surface. We model explicitly the tip of an atomic force microscope and the cancerous 
cell as a surface covered by brushes of different length, and take into account the 
interactions of the brush chains with the tip and with each other, leading to complex 
rheological behavior as displayed by the profiles of viscosity and the friction coefficient of 
this complex system. We comment briefly on how these findings can help in the 
experimental effort to understand the nature of the cancer growth in human epithelial cells.  
 
  
                                                          




It is known that cervical cancer is one of the leading types of cancer in women over 35 
years of age [1]. In an effort to understand the characteristics of this and other types of 
cancer, several physical approaches have been applied recently to gain new insights about 
how metastasis occurs, development of non – invasive detection methods, and perhaps even 
help in the design of new treatment [2-5]. One of those approaches consists in the 
characterization of cancerous cells using atomic force microscopy (AFM) [6]. Using AFM, 
several groups have determined that cancerous cells from different types of tissue are softer 
than their normal counterparts [2-5, 7, 8], while others claim that the mechanical response 
of malignant cells depends on the type of cancer [9, 10]. Most of the research on this topic 
has focused on the response of the cells’ surface as a whole. One notable exception is the 
work of Iyer and collaborators [11], who measured the force exerted by the tip of an AFM 
on the brushes that covered cancerous cervical epithelial cells, finding a force profile 
qualitatively different from the one measured on healthy cells. The difference was 
attributed to the inhomogeneous composition of the brushes that cover the cancer cells, 
while normal cells are covered by brushes of approximately the same length. These 
experiments are important, not only because they help establish the role played by the 
brushes that typically cover most types of epithelial cells, which may be different from the 
role played by the surface of the cell, but also because they can be used to design improved 
detection methods.   
On the modeling side, it has been shown [12] that the softness or stiffness of the individual 
“structures” that make up the brushes is responsible of the apparent softness or stiffness of 
the brush as a whole. These “structures” or “molecules” can be of different nature; they can 
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be microridges, microtubules or microvilli [13], whose purpose is to provide motility to the 
cell and increase nutrient absorption. They can move on the surface of the cells, although it 
has been shown [12] that the mechanical response of epithelial cells to the force exerted by 
an AFM is considerably more dependent on the softness/stiffness of the brushes than on 
their ability to move or not on the surface of the cells. Since it can be envisaged that a 
correlation exists between the stiffness of brushes on cancerous cells, and cancer stadia, it is 
befitting to study this issue further.  
In this contribution we report results of non – equilibrium numerical simulations at the 
mesoscopic level of brushes on a surface under oscillatory flow on the plane of the surface. 
The motivation for performing simulations of this type stems from recent experiments with 
AFM on cancer cells under non – equilibrium conditions [11]. Two key aspects are novel in 
this work: firstly, the curvature of the tip of the AFM is incorporated explicitly, which 
makes our predictions useful for those workers who use nanometer – size tips in their 
AFM. Secondly, we have included a three – body interaction between neighboring bonds 
along the chains that make up the “molecules” of the brushes, so that their softness or 
stiffness can be controlled directly. By subjecting this system to a sinusoidal external force 
along the plane of the cell’s surface one can obtain rheological properties such as the 
viscosity and friction between the brush and the AFM, which can be useful for an improved 
characterization of this illness. The rest of this chapter is organized as follows: in section II 
we presented the model, methods and systems studied; the results and their discussion are 
reported in section III. Finally, our conclusions are laid out in section IV.  
II Models and Methods 
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The simulations whose results are the purpose of this contribution use the interaction model 
known as dissipative particle dynamics (DPD) [14], which consists of the simultaneous 
integration of the equation of motion of all particles that make up the system, to obtain their 
positions and momenta. In this regard, DPD is identical to standard simulations of 
molecular dynamics [15]. The difference stems from the introduction of a natural 
thermostat into the algorithm, which arises from the balancing of the dissipative and 
random forces [16]; this is the major advantage of DPD over other simulation algorithms. 
The conservative force that acts between particles is simple (repulsive, linearly decaying) 
and, like the random and dissipative forces, of short range, which is the reason why DPD is 
useful to model systems at the mesoscopic level. Figure 1 illustrates the coarse – graining 
degree and the nature of the conservative force in the DPD model. However, it must be kept 
in mind that one is free to choose other types of forces, such as the Lennard – Jones model, 
with the DPD algorithm.  
 
Fig. 1 A schematic representation of the coarse – graining involved in DPD, where in this particular 
example each DPD particle (blue circles) groups three water molecules. The conservative force (FC) 
acts as a local pressure between pairs of particles and it has a simple, linearly decaying and 
repulsive character –see the red line in the right panel of the figure. The conservative force becomes 
zero at relative distances larger than a cutoff radius, rc, and it is equal to an interaction constant a 
when r=0, which is determined by the chemical nature of the pair of DPD interacting particles. 
Adapted from [17].    
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As stated above, one of the major advantages of the DPD model is its naturally emerging 
thermostat, which has been shown to compete very favorably with other thermostats, 
especially under non – equilibrium circumstances [18], which are precisely the central 
focus of this work. Figure 2 is meant to show what the forces that make up the thermostat 
represent, namely, the dissipative force (FD) and the random force (FR), coupled through 
the fluctuation – dissipation theorem to lead to constant global temperature [16].  
 
Fig. 2 Illustrative representation of the forces that make up the thermostat in DPD; FD represents 
the dissipative force, which accounts for the local viscosity of the fluid, while FR is responsible for 
the local Brownian motion. The perfect coupling between these contributions keeps the global 
temperature fixed. Adapted from [19]. 
This model is now well known and there are recent reviews available [18, 20], therefore we 
shall skip details for the sake of brevity. We solve the forces for the system of particles 
using the algorithm of molecular dynamics, adapted to DPD [21].  
Since our aim is to model experiments performed with AFM, we have incorporated 
explicitly its curved tip into the system, constructing it from individual DPD particles. 
Additionally, we model the brush – covered cancerous cell as a flat surface on top of which 
there are grafted chains of three different length, as suggested by recent experiments [11]. 
These linear chains are made up of DPD particles, joined by freely rotating harmonic 
springs, which interact with particles on the same chain and with those on other chains 
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according to the DPD rules given by the forces illustrated in Figs. 1 and 2. In addition to 
those interactions we have introduced a three – body harmonic potential that acts between 
neighboring bonds, whose purpose is to introduce rigidity to the chains. There are also 
monomeric solvent particles that permeate the brush, which are meant to represent the 
buffer used in AFM experiments with cells in vitro. Lastly, the cell’s surface on which the 
brushes are grafted is subjected to a sinusoidal force along the x – direction with maximum 
amplitude (2/w) and fixed frequency (w=n/100t). The motivation for doing so arises 
from force measurements on oscillating polymer brushes using AFM [22, 23]. In Fig. 3 we 






















Fig. 3 Model for brushes on cancerous cells probed by the tip of an AFM (in yellow) whose 
curvature radius is R.  The brushes have three different lengths and are represented by chains of 
different colors, with the blue ones representing the smallest, followed by the red ones, and the 
Green chains are the largest. The beads that make up the chains are joined by harmonic springs and 
by angular harmonic springs (see insets). The number of beads that make up the chains (N), and the 
number of chains per unit area on the cell’s surface (Γ) are 𝑁1 = 5, 𝑁2 = 30, 𝑁3 = 42 and Γ1 =
1.76 nm−2, Γ2 = 0.49 nm
−2, Γ3 = 0.20 nm
−2. The subindexes 1, 2 and 3 refer to the blue, red and 
green chains, respectively. The cell lies on the xy – plane and the brush is placed at a fixed distance, 
h.    
As seen in Fig. 3, the cell’s surface and the brushes grafted onto it lay on the xy – plane, 
while the tip of the AFM exerts pressure along the z – axis, with the tip of the AFM probe 
being placed at a fixed distance, h, along the z – direction.  
The interaction parameters 𝑎𝑖𝑗 for the conservative force between the i-th and j-th beads 
depend on the coarse-grained degree, i.e., the number of molecules grouped into a DPD 
bead. For these simulations, we considered a coarse-grained degree equal to three, which 
leads to the parameters 𝑎𝑖𝑗 shown in Table 1. We chose 𝜎 = 3 as the noise amplitude for 
the random force, and 𝛾 = 4.5 as the friction coefficient included in the dissipative force; 
the random and dissipative forces are coupled through the fluctuation-dissipation theorem, 
such that 𝜎2/2𝛾 = 𝑘𝐵𝑇 = 1. The spring – like models for the distance- and angle-
dependent interactions between neighboring beads (see the green beads in the inset of Fig. 
3) are given by eqs. (1) and (2), respectively:  
𝐹𝑠𝑝𝑟𝑖𝑛𝑔 = 𝑘𝑠(𝑟𝑖𝑗 − 𝑟0)?̂?𝒊𝒋,          (1) 
𝐹𝑎𝑛𝑔𝑢𝑙𝑎𝑟 = 𝑘𝑎sin (𝜃0 − 𝜃𝑖𝑗𝑘),            (2) 
where 𝑘𝑠 and 𝑘𝑎 are the constants of two-body and three-body spring forces, respectively, 
𝑟0 = 0.7𝑟𝑐 is the relaxation distance between two adjacent beads attached by a Hookean 
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spring, 𝜃𝑖𝑗𝑘 is the angle between the bonds ?̂?𝒊𝒋 and ?̂?𝒋𝒌 formed by three adjacent beads (as if 
the bonds were attached by an angular spring) and  𝜃0 = 180° is the relaxation angle 
between these bonds. We chose the spring constants as 𝑘𝑠 = 100 [𝑘𝐵𝑇/𝑟𝑐
2] and 𝑘𝑎 =
100 [𝑘𝐵𝑇/𝑟𝑐], as those values have been successfully tested before [24]. 
The system conformed by the solvent and the brushes is confined by two walls (see Fig. 3); 
the bottom wall (located at 𝑧 = −𝑙𝑧/2, where 𝑙𝑧 is the length of the simulation box in the z 
direction) is an implicit wall that represents the cell’s surface, and its interaction with other 
beads is a linearly decaying short-range force, given by 
𝑭𝒘𝒂𝒍𝒍(𝑧𝑖) = {
𝑎𝑤𝑖(1 − 𝑧𝑖/𝑧𝑐)?̂?         𝑧𝑖 ≤ 𝑧𝑐
0                                    𝑧𝑖 > 𝑧𝑐
 ,          (3) 
where 𝑎𝑤𝑖 is the maximum interaction of the surface with the particle i (see Table 1), 𝑧𝑖 is 
the distance of the particle i to the surface, 𝑧𝑐 is the cutoff radius and ?̂? is the unit vector in 
the z direction. The top wall (at 𝑧 = 𝑙𝑧/2) is an explicit surface that represents an AFM tip, 
formed by a set of DPD beads arranged on a surface with a curvature radius 𝑅 = 0.8𝑙𝑥, 
where 𝑙𝑥 is the size of the box in the x - direction (this surface is represented in Fig. 3 by 
yellow beads).  The beads on this surface interact with the other particles on the same 
surface through their conservative DPD interaction, but their dissipative and random forces 
are zero, and those beads remain at rest. The conservative interaction between the AFM 
beads and those of the fluid (solvent and brush beads) is more repulsive than that between 
AFM beads, so that the tip remains impenetrable to the fluid. The full set of interaction 
parameters 𝑎𝑖𝑗 is shown in Table 1. 
The brushes attached to the cancerous cell are modeled by linear chains of beads of three 




−2, Γ2 = 0.49𝑛𝑚
−2 and Γ3 = 0.20𝑛𝑚
−2 for the short, medium-sized, and 
large chains, respectively. The reason for choosing those values for the chains’ length and 
grafting densities is because we want to model the relative differences in length and 
grafting density found in AFM experiments performed on cancerous human cervical cells 
[11]. In these simulations we introduced an oscillatory force along the x – axis acting on the 
beads attached to the cell’s surface (the heads of the brushes, see Fig. 4). This force is given 
by: 
𝑭𝒙(∆𝑡) = 𝐴 cos(𝑤𝑛Δ𝑡)?̂? ,         (4) 
where 𝑤 = 𝜋/100Δ𝑡 is the oscillation frequency, 𝐴 = 2/𝑤 is the oscillation amplitude, Δ𝑡 
is the time step, and n is the number of simulation steps. 
𝒂𝒊𝒋 [𝒌𝑩𝑻/𝒓𝒄] Solvent Chain’s head Chain’s tail AFM beads Cell’s surface 
Solvent 78 79.3 79.3 140 100 
Chain’s head 79.3 78 78 140 60 
Chain’s tail 79.3 78 78 140 100 
AFM beads 140 140 140 78 0* 
Cell’s surface 100 60 100 0* 0** 
 
Table 1. Table of all the interactions parameters 𝑎𝑖𝑗 in the system (*since the distance between the 
AFM’s tip and the cell’s surface is larger than the cutoff radius. **Because it is an implicit surface). 
 
The dimensions of simulation box are 𝑙𝑥 = 𝑙𝑦 = 20𝑟𝑐 and 𝑙𝑧 = 26𝑟𝑐, the volume of the 
system is 𝑉 ≈ 4933.77𝑟𝑐
3 and the total density 𝜌 ≈ 3. The simulations proceed in two 
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stages. First, we perform a thermalization process that consists of simulations of 5 blocks of 
104  time steps each, with a time step of Δ𝑡 = 0.001. Once the system reaches thermal 
equilibrium, we carry out the production phase, with 10 blocks of 104 time steps each; the 








Fig. 4 Schematic representation of the oscillatory force, eq. (4), acting on the chains’ head beads 
“grafted” on the cell’s surface. The oscillation period is 𝑇 = 200Δ𝑡. 
 
III Results and Discussion  
Let us start by considering the concentration profiles of the three types of brushes that make 
up the composite brush on the cancer cell’s surface, when such brushes are moving under 
the influence of an external oscillatory force while being compressed by the tip of an AFM 
in the perpendicular direction. The results are shown in Fig. 5.  
Head chains 








Fig. 5 (a) Snapshot of the brushes on a cancer cell as they are being compressed by the tip of the 
AFM. Notice how some chains relieve compression by moving sideways. The solvent particles are 
omitted, for simplicity. (b) Concentration profiles of each type of brush, in reduced DPD units. The 
profile of the solvent (in cyan) and that of the tip of the AFM (in yellow) are shown also.  
In the snapshot shown in Fig. 5(a), one recognizes that some of the largest chains, i.e. those 
represented in red and green, have moved away from the tip of the AFM to relieve some 
pressure. Figure 5(b) shows the concentration profiles of each type of brush; the blue curve 
corresponds to the shortest chains, the red and green curves are the profiles of the medium 
– sized and largest chains, respectively. The oscillations are related to the ordering of the 
beads that make up the chains close to the surface of the cell; notice also how the solvent 
particles penetrate the brushes all the way down to the surface of the cell. The period of the 
oscillations is roughly the size of the DPD particles, as expected [25]. There is a local 
maximum in the profile of the solvent right about where the profile of the smallest chains 
(blue line) goes to zero, which is due to the fact that the global density of the system is kept 
constant, therefore if there is a deficit in the brush profile it is compensated by the solvent’s 
concentration. The same phenomenon occurs where the concentration of the medium – 
sized brushes decays, close to the tip of the AFM (about z = 10 in Fig. 5(b)). Lastly, it is 
quite remarkable how the profiles of the brushes follow the one of the AFM probe once the 
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come into contact; see the profiles for z > 10 in Fig. 5(b). This aspect is the consequence of 
both the largest brushes and the solvent particles interacting with the curved side of the 
AFM probe and therefore that interaction is expected to be reflected in the rheological 
properties we shall calculate.  













Fig. 6 Profile of the x – component of the velocity of the beads that make up the chains on the 
surface of the cancerous cell. Since the brushes are under the influence of an oscillatory external 
force, we used the maximum values of such component to obtain the averages in every slice used to 
make this profile. The vertical yellow and red lines indicate the position where the tip of the AFM 
probe is placed and where it ends, respectively. The scales on the axes are expressed in reduced 
DPD units. 
In Fig. 6 we show the profile along the z – direction of the x – component of the velocity of 
the beads that make up the brushes shown in the previous figures. It must be recalled that 
there is an external oscillatory force applied to the surface of the cell along the x – axis, 
which means that, to obtain the profile in Fig. 6 we chose the maximum values of 𝑣𝑥(𝑧) in 
every slice along the z – direction. The oscillations close to the surface of the cell are the 
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result of the collective motion of the brushes, which are relatively close to the surface to 
respond to the oscillations imposed by the external force at z = 0. Since those correlations 
tend to disappear as one moves away from the surface of the cell, the second maximum 
seen in Fig. 6 is of smaller amplitude than the first. Close to the tip of the AFM the profile 
is approximately constant on average, because the fluid is far enough from the oscillating 
surface, but once it comes into contact with the tip of the AFM (yellow vertical line in Fig. 
6), the particles have more freedom to move and the velocity profile grows.  
 
Fig. 7 Profile of the average shear rate, ?̇?, experienced by the beads of all the brushes on the surface 
of the cancer cell. The vertical yellow and red lines indicate the position where the tip of the AFM 
probe is placed and where it ends, respectively. The vertical yellow and red lines indicate the 
position where the tip of the AFM probe is placed and where it ends, respectively. The axes are 
expressed in reduced DPD units.  
Since the complex fluid made up of solvent particles and brush chains is under the 
influence of an external flow, there is a shear rate, which is defined as:  

















 ,                  (5) 
which is not constant, as in Couette flow between flat, parallel plates [26]. Although in the 
present case the separation between the AFM and the cell’s surface is fixed, the brush is 
moving under the influence of an external harmonic force, hence the gradient in eq. (5) is 
not constant. However, in a thin slice along the z – direction it is approximately constant 
and that allows one to construct a profile of shear rate as shown in Fig. 7. Two salient 
features of this profile are the oscillations close to the surface of the cell, as those in Fig. 6, 
which are the result of the magnitude of the collective average oscillations exerted on the 
surface of the cell as they propagate along the z – direction; also, as the fluid approaches the 
surface of the AFM the shear rate profile becomes approximately constant because the 
oscillating nature of the external force is not dominant. Once the brushes reach the surface 




Fig. 8 Average profile of the force applied on the x – direction experienced by the brushes along the 
direction perpendicular to the plane of the cell on which the brushes are moving under the influence 
of an external oscillating force. The meaning of the vertical lines is the same as in the previous two 
figures. The scales on the axes are expressed in reduced DPD units.  
Determining the shear rate is important because with it and with the response of the fluid to 
the average x – component of the external force applied one can obtain the shear – 




 .     (6) 
The numerator in eq. (6) is shown in Fig. 8 as one moves along the direction perpendicular 
to the surface of the cell, while the denominator is shown in Fig. 7. The oscillations present 
in Fig. 8 close to the surface of the cell are particularly informative; they have 
approximately the same period while their amplitude is reduced as z increases, effectively 

















disappearing at distances larger than about z = 3 from the cell’s surface. The oscillations are 
the collective response of the brushes to the externally applied oscillatory force on the plane 
of the surface, and their disappearance after z = 3 is consequence of the thickness of the 
brush made up of the shortest chains, see the blue line in Fig. 5(b). For the medium – sized 
and large chains, the oscillatory motion of the fluid made up of brushes and solvent 
particles is averaged out, and the x – component of the force remains approximately 
constant until the brushes reach the tip of the AFM (yellow vertical line in Fig. 8). Once the 
brushes are beyond this point, the collisions between the brushes and the surface of the 
AFM probe increase the average value of the force experienced by DPD beads along the x – 
direction.  
Using eq. (6) and the results presented in Fig. 7 and 8 we calculated the profile of the shear 
dependent viscosity, which is shown in Fig. 9. Clearly, the fluid displays non – Newtonian 
behavior, as expected for a fluid as complex as the present one. In particular, the viscosity 
increases as the distance from the surface of the cell grows, with a local maximum 
appearing at z ≈ 2 because the shear rate has a local minimum at the same point, see Fig. 7 

















Fig. 9 Profile of the shear dependent viscosity of the fluid made up of brushes and solvent particles, 
see eq. (6) and Figs. 7 and 8. The yellow and red vertical lines have the same meaning as in those 
figures. All quantities are expressed in reduced DPD units.  
Beyond that point, the viscosity increases monotonically in a more or less linear fashion. 
This regime is the response of the fluid to the dominance of the force shown in Fig. 8, i.e., 
the collisions of the largest chains with the curved surface of the AFM probe. This is the 
first report of a viscosity profile in an AFM system that we are aware of. At distances close 
to the cell’s surface, the fluid experiences an almost undamped response to the applied 
external force, which translates into an almost inviscid fluid response. However, as the 
particles move away from the surface, the influence of the oscillatory external force is 
damped and the increase in viscosity results from increased collisions between beads and 
the AFM probe.  
















Fig. 10 Profile of the average z – component of the force experienced by the particles of the fluid as 
the distance from the surface of the cell (z = 0) is increased. Both axes are expressed in reduced 
DPD units. The vertical colored lines have the same meaning as in previous figures.   
The z – component of the force whose profile is shown in Fig. 10 is qualitatively very 
similar to its x – component counterpart, shown in Fig. 8. The oscillation with decaying 
amplitude close to the cell’s surface have the same origin as those in Fig. 8, i.e., they are 
the response of the shortest chains, mostly, which is why they disappear for z > 3. The 
almost constant profile in the region 3 ≤ z ≤ 10 in Fig. 10 is indicative of the fact that there 
is no increment in the osmotic pressure in that region due to the oscillating motion of the 
surface of the cell. The value of the average z – component of the force is about the same as 
the average x – component of the force, in the same region (see Fig. 8), they have to do 
with the intrinsic properties of the fluid there, such as the concentration of particles and 
their interactions, but are insensitive to the influence of the external force.  

















Fig. 11 Friction coefficient profile, calculated according to eq. (7). It is a dimensionless number; the 
x – axis is expressed in reduced DPD units. The vertical colored lines have the same meaning as in 
previous figures.   
Finally, we calculate the friction coefficient along the z – direction. This coefficient is 
defined as the ratio of the average value of the x – component of the force on the chains, 




 ,     (7) 
where the numerator is the quantity related to the y – axis in Fig. 8 and the denominator 
corresponds to the y – axis of Fig. 10. It is, by definition, a dimensionless number, which 
can be measured in experiments carried out with AFM [22], therefore it constitutes a very 
useful characteristic that allows direct comparison of our model with those experiments. 
The friction coefficient profile shown in Fig. 11 displays low values close to the surface of 















the cell, because the fluid is almost inviscid in that region, as one can also ascertain from 
Fig. 9. Then, as the distance from the cell increases, one sees a jump in  to a value close to 
1, because both force components have approximately the same value in a region where the 
shortest brush ends and the tip of the AFM appears. The slight oscillatory behavior of the 
friction coefficient seen in that interval is simply due to the same slight oscillations of the x 
– component of the force, see Fig. 8. Once the fluid reaches the probe of the AFM (the 
region between the yellow and red lines in Fig. 11), the average value of the friction 
coefficient increases, reaching a relatively large value ( = 1.8) at the top of the simulation 
box. The values of the friction coefficient, seen in Fig. 11, are larger than those obtained 
with polymer brushes, using also DPD simulations [27, 28], because the proportion of 
solvent particles to brush beads is smaller in this work than in other reports. It is known that 
the solvent acts as a lubricant in polymer brushes [22, 23], and here we modeled a fluid 
formed predominately by brushes.       
IV Conclusions 
The influence of an external oscillatory force on the surface of epithelial cells covered by 
brushes of different lengths, such as those observed in experiments carried out on human 
cervical cells with AFM, appears to be stronger on the smallest brush, which responds to 
the oscillations with small damping. However, for the largest brushes at the amplitude and 
frequency used in this work, the response appears to be slower, allowing for the relaxation 
of the chains and their averaged interactions. The profiles of the viscosity and friction 
coefficient, which are the first of their kind reported in the literature as far as we know, 
show that the interaction between the chains and the tip of the AFM is increased, as well as 
these rheological properties, not only because of their molecular characteristics such as 
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density and length. But also, crucially, because the use of a three – body potential between 
bonds along the chains leads to an effectively larger persistence length of the brushes, 
which forces them to collide with the tip of the AFM and with each other. We believe this 
work is useful as a guide in the interpretation of recent experiments in fluids as complex as 
those dealt with here.  
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